It is shown that a kind of solutions of n-simplex equation can be obtained from representations of braid group. The symmetries in its solution space are also discussed.
Baxter equation (YBE) plays a crucial role of which the structure is now fairly well understood. As a substitution of YBE the tetrahedron equation becomes a integrability condition of the exactly solved model in three dimensions [3] , from which the community of the layer-to-layer transfermatrixes is preserved.
One of the approaches is the n-simplex equation [4] and it is said that the case of n = 3 is corresponding to the tetrahedron equation. The aim of this letter is to expose some procedure for deriving solutions of n-simplex equation from braid group representations ( ie. solutions of parameter independent YBE) [5] .
Meanwhile we would like to derive some symmetry transformation in solution space of 3-simplex equation as an example.
The 3-simplex equation we will consider takes the following form
where the order of subscripts are chosen in such a way that the normal of each surface of the 3-simplex is always toward the inside of the 3-simplex (tetrahedron)
Certainly, the positive direction of the normal of a surface determined by a cycle ( for example, (123), (341) etc.) following the right-hand helicity. The matrices in eq.(1) stands for the scattering of three strings, for example
Solving solutions of eq. (1) is a complicated problem. It is known that many representations of braid group have been found in recently years. We will show that if one have a representation of braid group, one can obtain a kind of solutions of the 3-simplex equation. A braid group is a category of free group under the constraint of the following equivalence relations
It is called a braid group due to it has a simple realization on N-strings by identify Then the equivalence relation (3) becomes an evident topological equivalence relation. If a representation of braid group takes as
where S ∈ End(V ⊗ V ) satisfying the following parameter independent YangBaxter equation
If we define an operator
which is understood as an ordered product from right to left or vise versa. We can show that the following identity holds
where the number of t ′ s in alternative product is n + 1. The case n = 2 is exactly the elementary equivalence relations of braid group eq.(3). For n = 3 we have
where
Thus if we know a representation of braid group, we will have a solution of the following equatioň
whereŘ 123 :=Ř ⊗ I,Ř 234 := I ⊗Ř andŘ ∈ End(V ⊗ V ⊗ V ). This is easily realized by
, then the following identities holdš
As to eq. 
Thus we have (7) (8) has a discrete group symmetry. {id, H, V, V H|H 2 = id, V 2 = id, HV = V H}.
The action of this group brings one solution of ) into other three new solutions.
i.e. ifŘ 
Starting from the matrix form of eq. (8), we can obtain two more contineous transformations in solution space. They are an overall factor transformatioň R → τŘ; a similar transformation by a tensor product of matricesŘ →
. Because eigenvalues of a matrix are invariant under a similar transformation, the latter is a transformation within the subset of solution space, which is specialfied by the eigenvalues ofŘ.
In above we made much discussion on eq.(8), now we introduce a new
where P is defined as
Then we can show the R-matrix satisfing the following equation as long as thě R-matrix satisfing eq.(8)
which is an variant of the FM 3-simplex equation we have introduced at the begining of our discussion.
In a similar way, one may discuss the case of 4-simplex equation and so on. The key point is that eq. (6) is an identity on braid group, then if one has a representation of braid group, one can write down a expression from the expression of t i on the basis of S-matrix, which is supposed to be solutions of parameter independent Yang-Baxter equation. * * *
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